We report an accurate and efficient full dimensional semiclassical ab initio method for calculation of energy level splitting due to tunneling in polyatomic system. The method is applied to 21-dimensional 9-atomic malonaldehyde molecule. Tunneling phenomenon is well recognized as one of the most important quantum mechanical effects from the dawn of quantum mechanics, and it actually plays a crucial role in all branches of science from elementary particle physics to biology. [1] [2] [3] [4] In this report, we present an accurate theoretical treatment of one of the basic phenomena: tunneling splitting in multidimensional double well potential.
Tunneling phenomenon is well recognized as one of the most important quantum mechanical effects from the dawn of quantum mechanics, and it actually plays a crucial role in all branches of science from elementary particle physics to biology. [1] [2] [3] [4] In this report, we present an accurate theoretical treatment of one of the basic phenomena: tunneling splitting in multidimensional double well potential.
In principle, the full information about tunneling process is naturally contained in quantum mechanical solution of the problem. In practice, however, the quantum solution is unfeasible even for relatively small systems. Thus, some illuminating theory is definitely needed not only to make the calculations possible, but also to understand the tunneling dynamics correctly. So far, various semiclassical theories have been proposed such as the simplified semiclassical schemes, 5, 6 the WKB ͑Wentzel-Kramers-Brillouin͒ treatment [7] [8] [9] [10] [11] and the instanton theory. 2, 4, [12] [13] [14] [15] [16] The WKB treatment is an accurate method, but it implies connection of the waves at the boundary between classically allowed and forbidden regions, and propagation of the classically forbidden wave in the tunneling region. Both problems cannot be easily handled in practical calculations and the method has been applied successfully only to two-dimensional models. The instanton theory is probably most reliable. In the case of tunneling splitting, for instance, the energy splitting ⌬E is calculated with use of the instanton trajectory which is a classical trajectory connecting the two potential barrier tops of the upsidedown double well potential. The instanton theory has been, however, successfully applied only to systems of low dimensions, 2D or 3D. Recently, two of the authors ͑G.V.M. and H.N.͒ have developed a sort of breakthrough type of instanton theory applicable to virtually any high dimensional system. 17, 18 The important achievements in this theory are ͑i͒ efficient method of finding instanton trajectory in multidimensional space, ͑ii͒ efficient way of evaluating pre-exponential factors, and ͑iii͒ canonical invariance of the theory. When the energy splitting is expressed as ⌬ 0 ϭB exp(Ϫ(S 0 /ប)ϪS 1 ), the method ͑i͒ accurately determines the most decisive factor, i.e., the action integral along the instanton trajectory S 0 , and the method ͑ii͒ enables us to evaluate the pre-exponential factors B and S 1 . The canonical invariance guarantees that one can use any convenient internal coordinates to describe the molecular motion. This enables us to deal with real polyatomic molecules easily. Another crucial requirement is high level of quantum chemical ab initio calculations to obtain the potential energy surface ͑PES͒ accurate enough to estimate the tunneling splitting. Such high-quality calculations are still very much time consuming, unfortunately. Here, we propose a very efficient method by combining the semilassical theory with the highquality quantum chemical calculations, which provides us with the breakthrough to calculate ⌬E accurately and efficiently for high dimensional polyatomic molecules. Since the exact quantum mechanical estimates are impossible, comparison with any available experiment would be very important.
The above-mentioned crucial steps ͑i͒ and ͑ii͒ may be worthwhile to be further explained. Let us consider the tunneling between two equivalent potential wells of a͒ Author to whom correspondence should be addressed. Electronic mail: gena@ims.ac.jp N-dimensional potential V(q) and denote the corresponding potential minima as q Ϯ . By the definition the instanton trajectory q 0 (t) is the classical trajectory on the upsidedown potential ϪV(q) which starts from q Ϫ in the infinitely remote past tϭϪϱ and arrives at q ϩ at the remote future t ϭϩϱ. Physically, it represents the most important area of the configuration space where the semiclassical wave function is localized. The method finds the trajectory q 0 (t) by minimizing the classical action on the inverted potential. The key idea is to consider q 0 (t) not as the trajectory, but as the path connecting the two minima. Introducing another parameter z͓Ϫ1:1͔ instead of time t, we find the path q 0 (z) in the analytical form:
where the first term represents the straight line connecting the two minima and n (z) is a set of smooth basis functions under condition n (Ϯ1)ϭ0. This reduces the problem to minimization of the classical action S 0 (͕C͖) as a function of NϫN b coefficients C in , which can be done by the iterative procedure. 17, 18 The calculations start from some initial guess for the instanton trajectory and at each step of the iteration the coefficients C in are modified to decrease S 0 (͕C͖). The recipe has been proved to be very stable and efficient for virtually arbitrary number N of the degree of freedom. We will not discuss all the details here; instead, we focus our attention only on one important thing. In order to find the direction to the minimum of S 0 (͕C͖) we must be able to compute ‫ץ‬S 0 /‫ץ‬C in and ‫ץ‬ 2 S 0 /‫ץ‬C in ‫ץ‬C jm . These quantities can be explicitly calculated as integrals of the functions of V(q), and its first and second derivatives with respect to the parameter z. The explicit expressions of B and S 1 are given in Ref. 17 and not repeated here. It may be enough to mention that both factors are expressed totally in terms of the one symmetric NϫN matrix A(t) which is the solution of the simple first order differential equation
where H,H qp ,..., etc. stand for the second derivatives of the corresponding classical Hamiltonian function H͑p,q͒ with respect to the coordinate q and momentum p, and all the quantities are taken along the instanton trajectory. Hence, once this trajectory is found, the only task to be done is to integrate Eq. ͑2͒ which presents no numerical difficulties. We also note the clear physical meaning of the matrix A(t). As shown in Ref. 17 , this completely determines the local behavior of the semiclassical wave function along the instanton path. In fact, the knowledge of A(t) enables us to not only calculate the splitting, but also study the role of each vibrational mode in the tunneling dynamics. In our previous benchmark applications of the theory, 17, 18 we used the semi-empirical analytical potential of malonaldehyde. 19 It became clear that applicability of such kind of potential is very much doubtful and it deteriorates the final result. In order to build a nice bridge between theory and experiment we have to be able to incorporate reliable potential data into the dynamics calculations. Due to the recent advances in the ab initio electronic structure theory and its computational techniques, V(q) can be quite accurately estimated with reasonable computational cost at a fixed molecular configuration by using certain standard electronic structure program code. The problem is, however, that it is prohibitively time consuming to construct the full dimensional PES in the case of high dimensions.
This difficulty can be avoided as explained below. By considering the potential V(q 0 (z)), its first derivative ‫ץ‬V(q 0 (z))/‫ץ‬q i , and the second derivative ‫ץ‬ 2 V(q 0 (z))/ ‫ץ‬q i ‫ץ‬q j as independent functions of z, we can implement the ordinary one-dimensional interpolation. The method explained above is applied to malonaldehyde ͑see Fig. 1͒ with the full 21-dimensions taken into account. In order to reduce the computational efforts in the high-quality ab initio calculations, the converged instanton path in the lower level is first obtained and is used as an initial guess for the higher level calculations. The ab initio methods employed in our calculations are the second-order Møller-Plesset perturbation theory ͑MP2͒, the quadratic configuration interaction method including singles and doubles ͑QCISD͒, and the coupled-cluster singles and doubles including a perturbational estimate of triple excitations ͑CCSD͑T͒͒, with the basis sets of the Dunning's ccpVDZ, aug-cc-pVDZ, or aug-cc-pVTZ. In the latter two basis sets ͓denoted as ͑aug-͒cc-pVDZ and ͑aug-͒cc-pVTZ, respectively͔, the diffuse functions were used only for the two oxygen atoms and the transferred hydrogen atom in or- der to save the computational time. These calculations are carried out by using GAUSSIAN 98 20 and MOLPRO. 21 Table I summarizes the barrier heights obtained by these methods. The ab initio calculations were performed on Pentium 4 1.8 GHz Linux PC computer and for one reference point took 14 min, 1 day 3 h, 10 days 16 h 28 min cpu time for MP2/ccpVDZ, QCISD/͑aug-͒cc-pVDZ, and CCSD͑T͒/͑aug-͒cc-pVDZ, respectively. We first found the converged instanton path in the MP2/cc-pVDZ level of calculations, used this path as the first approximation for the next level of QCISD/ ͑aug-͒cc-pVDZ calculations, and so on. It turns out that four extra iterations are enough to achieve the convergency at the higher level. At MP2/cc-pVDZ level we initially used at each step of the iteration N ref ϭ23 reference points to interpolate the potential data along the instanton path. The symmetry of the potential reduces the computational effort twice and   FIG. 2 . Instanton trajectory of each atom connecting the two minimum points ͑in atomic units͒. The cross and solid square represent the midpoint of the instanton trajectory and the transition state, respectively. The straight dash line connecting the two minimum points corresponds to the straight line trajectory. The number in each atom corresponds to that in Fig. 1 . Table I . The splittings in the MP2 and QCISD level of ab initio calculations are definitely not good, and strongly depend on the ab initio method. The result of the CCSD͑T͒/ ͑aug-͒cc-pVDZ method ⌬E(H)ϭ16.4 cm Ϫ1 agrees well with the experimental value ⌬E(H)ϭ21.6 cm Ϫ1 . 22 The comparison with the higher CCSD͑T͒/͑aug-͒cc-pVTZ level shows that the true potential barrier is a little lower ͑see Table I͒ which should give larger splitting. The calculation of the potential derivatives at CCSD͑T͒/͑aug-͒cc-pVTZ level is much too time consuming. Since the instanton paths in the high level of ab initio calculations are similar we estimated ⌬E(H) without further iterations. The S 0 was obtained by computing only the CCSD͑T͒/͑aug-͒cc-pVTZ energies along the instanton path and the other factors B and S 1 were taken from the lower level of ab initio calculations. The error due to this approximation does not exceed few percents since the extra factor B exp(ϪS 1 ) is not very sensitive to the ab initio level. The result of the ͑CCSD͑T͒/͑aug-͒cc-pVTZ͒ level, ⌬E(H)ϭ21.2 cm Ϫ1 , is in excellent agreement with the experiment. The splitting for deuterium atom transfer is calculated in the same way. Namely, we first found the converged instanton path in the MP2/cc-pVDZ level of ab initio calculations and the final action S 0 is estimated for the same path by using the CCSD͑T͒/͑aug-͒cc-pVTZ method. The two other factors are taken from the lower level of calculations. The final result of the splitting is ⌬E(D)ϭ3.0 cm Ϫ1 , which is also in excellent agreement with the experiment, 2.9 cm Ϫ1 . 23 In Table I the results of two other calculations are cited: One is by Tautermann et al. 24 and the other is the previous one by two of the authors 17 with use of the semi-empirical potential from Ref. 19 . The latter is not good at all. This is simply because the semi-empirical potential is not good enough. Tautermann et al. generated the potential energy surface by interpolating the CCSD͑T͒/aug-cc-pVDZ energies at four points in the dynamically significant region, based on the minimum energy path at the B3LYP/6-31ϩG(d) level of theory. They obtained quite a good result, 24.7 cm Ϫ1 , slightly larger than the experimental value. Although it is not very clear from the paper, we suspect that the trajectory they used does not seem to be accurate enough. Moreover, they implemented the splitting formula from one-dimensional instanton theory which does not take into account the rest of the degrees of freedom. Actually, as seen in Table I, CCSD͑T͒ calculations with the triple-zeta level of basis sets give the lower barrier height and thus the larger splitting. Their result shows the opposite tendency. In Fig. 2 we depict the instanton trajectory of each atom in our final result. The two end points are the equilibrium, namely, potential minimum positions. For comparison the transition state is depicted by solid squares, which are compared with the midpoints of the instanton trajectory marked by cross in the figure. This clearly indicates the difference of the accurate instanton trajectory from IRC ͑intrinsic reaction coordinate͒ and the straight line trajectory marked by dash line which is frequently used in simple analyses.
The similar full dimensional analysis of decay of metastable state through tunneling should also be possible. 25 Effects of vibrational excitation on the tunneling splitting is an additional interesting subject, 11 and will be discussed in near future.
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